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The Nobel Prize in Physics 2016	

Topology Matters 
!



The winners

David	J.	Thouless	
1934	–	Scotland	
Whashington	Univ.	

F.	Duncan	M.	Haldane	
(1951	–	London)	
Princeton	Univ.		

J.	Michael	Kosterlitz	
1943	–	Aberdeen	(UK)	
Brown	Univ.		
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Prize Motivation:

"for	theoretical	discoveries		
																									of	
		topological	phase	transitions	
																								and	
	topological	phases	of	matter"

First	time	the		term	“topological”	appears	in	a	Nobel	prize	in	Physics





Topology



Cartoon	of	a	Topological	Phase	Diagram

Nathan	Goldman



1824-	1907

A	historical	note

After	noticing	Helmholtz’s	admirable	discovery	of	the	law	of	vortex	motion	in	a		
perfect	liquid-	that	is,	in	a	fluids	perfectly	destitute	of	viscosity	(or	fluid	friction)-		
-the	author	said	that	this	discovery	inevitable	suggests	the	idea	that	Helmholtz’s	
rings	are	the	only	true	atoms.		



Standard Model of Phase transitions
Order	Parameter	=	average	of	a	Local	Observable
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O(r r ) ≠ 0Ordered	phase
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O(r r )
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O(r r ) = 0Disordered	phase

Example:	magnetization/spin
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Low	Temperature
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T < Tc

High	Temperature
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T > Tc



Phase	transitions

Lev	Landau	
Nobel	1962

Spontaneous	Symmetry	Breaking
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1
4 + 14 Prize



Phase	transitions	in	2	dimensions

Rudolf	Peierls	
1907-1995

Peierls	argued	in	1935	that	thermal	motions		
of	long	wave	phonons	distroy	long	range	order	in	2D:		
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(
r r i −

r r i,0)
2 ∝ logL

David	Mermin

	Mermin-Wagner	theorem	(1966):		
!
A	continuous	symmetry	cannot	be		
broken	spontaneously	at	finite	T	
	in		dimensions	
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d ≤ 2
Reason:	Goldstone	bosons	produced	infrared	divergences	in	correlations

A	discrete	symmetry	can	be	broken	spontaneously.	Example:		the	Ising	model
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si↔ − si

Herbert	Wagner





Topological	excitations

vortex antivortex

Vortex-antivortex	pair
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Δθ =2π
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Δθ =− 2π
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Δθ =2π − 2π = 0 (lord	Kelvin	!!)



An	elegant	thermodynamic	argument
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r 
S i = (cosθ i , sinθ i)Classical	spin	in	2D

Hamiltonian	of	XY	model	

A	vortex	configuration
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Ev = π J log(R /a)
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R
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a
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Sv = kB log(R
2 /a2)

Energy	/	Entropy

Free	Energy	
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F = Ev −T Sv = (π J − 2kB T) log(R /a)

Low	temperatures	->	energy	dominates	->	
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F > 0 no	free	vortex

Hight	temperatures	->	entropy	dominates	->	
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F < 0 			free	vortex

Critical	temperature

€ 

F = 0→ T =
π J
2kB



At	
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T < Tc

Tightly	bound	pairs	
of	vortex/antivortex
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T = TcAt																		the	pairs	break	and	the	vortices	and	antivortices	become	free



Experimental	confirmations

Nelson	and	Kosterlitz	(1977)	:	universal	relation	for	films	of	superfluid	

€ 

4He
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limT→Tc
−

ρs(T)
T

=
2m2 kB
π h2

Bishop	and	Reppy	(1978)	:	experimental	confirmation



Vadim	L’vovich	Berezinskii,	1935	(Kiev),	1980	(Moscow)	

KT	transition	->		BKT	transition	



Published	in	2013
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Hall effect
Electron	gas	in	a		plane	subject	to	a	perpendicular	magnetic	field

Hall	conductance		

Appears		of	a	voltage												perpendicular	to	the	applied	current	
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Vy
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Ix
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σxy =
Ix
Vy

Edwin	H.	Hall	
		1855-1938

x

y



Integer quantum Hall effect

Klaus	von	Klintzing	
Nobel	Physics	1985		
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σxy = n
e2

h
, n =1,2,K

At	low	temperatures	(<	2	K)	and	high	magnetic	fields	(	~	10T)	



Precision
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δ RH /RH =O(10−9 )

Standard	of	resistance	(SI)

€ 

RK =
h
e2

= 25812.807557(18)Ω

Independent	of	the	sample,	material,	geometry,	impurities		

Universal	property	but	also	Topological	?		

Von	Klitzing	constant

Related	to	the	fine	structure	constant   
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α =
e2

hc ≈1/137



Origin of Integer Quantum Hall
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En = hω c (n +1/2), n = 0,1,K
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ω c =
eB
mc

Quantization	of	cyclotron	orbits														Landau	Levels

Filling	the	n		lowest	Landau	levels		gives		
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σxy = n
e2

h
, n =1,2,K



No	transport	of	charge	
in	the	bulk:		
								

					Bulk	Insulator	

Transport	of	charge	at	the	
edge:			
!
		Edge	metal		

R.	Laughlin	1981

Recognize	the	existence	of	edge	modes		
Based	on	gauge	invariance	to	explain	the	exactness	of	
the	quantized	Hall	conductance		

Pumping	electrons	
with	flux



n	is	topological	number		  
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σH = n
e2

h
, n =1,2,K
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Wave	functions	of	the	Landau	levels

Topological	meaning	of	Hall	conductance
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k :	crystal	momentum
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n:	Landau	level

Kubo	formula

Berry	potential   

€ 

Α j(
r 
k ,n) = ur 

k ,n ∂k j
ur 

k ,n

  

€ 

1
2π

d2k Β
r 
k ∈BZ
∫ (

r 
k ,n) = C1(n) ∈ZChern	number

€ 

C1(n) =1Filled	Landau	levels

Berry	curvature   
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∫ = χ = 2(1− g)
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Chern	formulaGauss-	Bonet	formula

Curvature	of	surface Berry	curvatureNumber	of	holes



€ 

C1

Meaning	of	Chern	number

The	Block	wave	function	in	k-space	has	vortices

is	the	total	vorticity

In	the	bulk

At	the	edge
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C1 is	the	number	of	chiral	edges	modes	(or	antichiral)	
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H.	Bethe	
1906	-	2005

Quantum Magnetism in lineland
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H =
J
4
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	Bethe	exact	solution					
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H ψ = E ψ

Quasi	long	range
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(−1)n

n
, n >>1

No	gap	in	the	excitation	spectrum



	Haldane	Conjecture:		there	is	a		gap	in	the	spectrum		if	the		spin	is	integer	
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H = J
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n
∑ , J > 0  
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S n spin	S=1,2,…
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Δ =min(Eexc ) − EGS > 0
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S 0⋅
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S n ∝ (−1)n e−n /ξ , n >>1Finite	correlation	length	
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ξ



Map	:	Low	energy	of	the	spin	chain	to	the	Non	Linear	Sigma	Model	(NLSM)
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ϕ (x, t)∈
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In	the	classical	limit																						Haldane	obtained	the	effective		action
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S >>1
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g =
2
S
→0

	dynamical	generation	of	mass		
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mass∝ Λe−2π / g → gap∝e−π S Polyakov

NLSM	:		toy	model	of	QCD	:	asymptotic	freedom	(Polyakov	1975)
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0← g(l )→∞RG	flow:
UV IR



Topology	in	the	NLSM   
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x1 = i t,x 2 = xContribute	to	the		
Euclidean	action   
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Partition	function

Haldane	map
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ϑ = 2π S
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(Q =1)
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e−2π SQ i =1 (S =1,2,K ), e−2π SQ i =(−1)Q (S =1/2,3/2,K )



Using	the	Density	Matrix	Renormalization	Group	(DMRG)
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Δ = 0.41050(2),
ξ = 6.03(1)





Spin	ladders	:	n	coupled	spin	½	chains
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ϑ = π n
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n : even→gapped
n :odd→ gapless
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Exact	ground	state
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There	is	a	Haldane	gap

unpaired	edge	spins		½	
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Ground	state	degeneracy	=	4	



Topological matter
Prototype	in	2D	:	Quantum	Hall	and		in	1D	:	Haldane	chain	

Degenerate	ground	states	that	are	indistinguishable	locally	

Edge	modes:	gapless	in	2D	and	localized	in	1D		

Unbroken	symmetries	(failure	of	Landau	paradigm)

Gap	of	the	bulk	excitations

God	created	the	bulk,	surfaces	where	invented	by	the	devil

W.	Pauli



New Topological Matter



Majorana wires (Kitaev	2000)
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H = t c j
* c j+1j=1

N −1
∑ +Δ c j c j+1 + h. c.1D	superconductor

Kinetic	energy Pairing	interaction

Choosing	
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t = Δ , c j =
1
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γ 2 j−1 +i γ 2 j( )
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γ1 γ 2
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γ 3 γ 4
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γ 2N −3 γ 2N −2

€ 

γ 2N −1 γ 2N
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γ1, γ 2N Majorana	edge	modes 1D	Topological	superconductor



Topological Superconductors

Trivial	SC Non	trivial	SC

Majorana	modes	
at	the	edges

Kitaev	wire	(2000)

Read,	Green	
		(2000)
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px + i py symmetry

Majorana	modes	
around	the	vortices



Topological Insulators

Haldane	(1988):		
				
B=0	but	T	broken

Kane	and	Mele	(2005)	
	topological	insulator	
					T	is	preserved	

Trivial	insulator



Periodic Table Topological Insulators and Superconductors 
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Θ =	time	reversal

€ 

Ξ =	particle-hole

€ 

Π = ΞΘ =	chiral	symmetry

€ 

d =	dimension	of	space

=	Quantum	Hall =	Topological	insulators =	Topological	superconductors

=	Superfluid	

€ 

3HeB



Topological phases/ Topological matter

-	No	symmetry	breaking		(Landau	paradigm)	
!
-	Stability	under	changes	of	materials,	perturbations,	etc	
!
-	Fractionalization	of	quantum	numbers	and/or		exotic	excitations	
!
-	Dependence	on	the	topology	in	real	space	or	momentum	space	
!
-	Degeneracy	of	ground	states	that	are	locally	indistinguishable	
			
-	Bulk/edge	correspondence	
!
-	Symmetry	protected	phases		
!
-	Physical	properties	quantified	by	topological	invariants	in	Maths	
!
-	Applications:	Spintronics	and	Quantum	Computation						

Thouless	et	al	(1982),	Wen	(1995),	Kitaev	(2000),…	



References

-	Scientific	Background	on	the	Nobel	Prize	in	Physics	2016	
!
-	Colloquium	:	Topological	insulators,	Hasan	and	Kane	(RMP,	2010)	



Thanks	/	Gracias


