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Thermal plasma physics from AdS/CFT

• Equilibrium (N = 4 SYM)             (static, Euclidean signature)

• equation of state

• correlation lengths, screening

• flavor physics

• finite volume
• confinement/deconfinement
• chemical potentials
• rotation

• Near-equilibrium                             (real-time response, Minkowski signature)

• viscosity, diffusion

• quasi-normal modes, late time expansions

• photo-emission

• second-order transport coefficients

• non-linear conductivity

SUGRA mode JCRt
Ry

SYM operator mass/πT

G00 0++
+ T00 2.3361

a 0+−
− trE ·B 3.4041

Gij 2++ Tij 3.4041

φ 0++
+ L 3.4041

Gi0 1+− Ti0 4.3217

Bij 0−+
− Oij 5.1085

Cij 0−−+ O30 5.1085

Bi0 1−− Oi0 6.6537

Ci0 1−+ O3j 6.6537

Ga
a 0++

+ trF 4 7.4116

mode Nf = 2 QCD N =4 SYM

mgap/πT 1.25(2) 2.34

mD/πT 1.80(4) 3.40
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Figure 3: Quasinormal spectrum of gravitational fluctuations in the shear channel, shown in the
plane of complex ≡ ω/2πT , for spatial momentum ≡ q/2πT = 1. The quasinormal frequencies
coincide with poles of G1(ω, q), as explained in the text. As decreases, all poles stay at a finite
distance away from the real axis, except for the one marked with a large dot. This pole is purely
imaginary and approaches the origin in the limit → 0. The presence of this special quasinormal
frequency is a manifestation of the diffusive relaxation of transverse momentum density fluctuations
in the dual N = 4 SYM theory.

where C1 is a normalization constant. Expanding for small u, we find the connection coeffi-

cients

A(1) = 1 +
i 2

2
+ O( 2, 2, ) , B(1) =

i( 2 − 2)

2
+ O( 2, 2, ) . (4.31)

The Dirichlet condition Z1(u=0) = 0 gives the hydrodynamic quasinormal frequency =

−i 2/2 + O( 3). It is interpreted as the dispersion relation for the shear mode,

ω = −iγηq
2 + O(q3) , (4.32)

where γη = 1/4πT . For the function G1(ω, q) in this approximation we find

G1(ω, q) =
πN2

c T 3(ω2 − q2)

4(iω − q2/4πT )
, (4.33)

in agreement with the result obtained earlier in [15]. The quasinormal spectrum for frequen-

cies beyond the hydrodynamic limit was obtained in [11] using a slightly different approach.

4.2.3 Sound channel

According to the discussion in Section 3, equations obeyed by the components of the metric

Htt = uhtt/f(πTR)2, Htz = uhtz/(πTR)2, Hzz = uhzz/(πTR)2, Haa = u(hxx + hyy)/(πTR)2

form a closed system of equations (in the radial gauge huA = 0). These equations are lengthy,

and we present them in Appendix A. Using the equations of motion (A.1) – (A.4) one can

show that the gauge-invariant combination

Z2(u) ≡ 4 Htz + 2 2Hzz + Haa
[

2(2 − f) − 2
]

+ 2 2fHtt (4.34)
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Thermal plasma physics from AdS/CFT

• Probe dynamics             (classical string dynamics)

• heavy quark drag

• wakes, Brownian motion

• heavy meson stability, dispersion

• light quark jets

• Far-from-equilibrium dynamics ???
• plasma formation

• early thermlization

• turbulence

initial value problems with non-trivial 
time-dependent bulk geometry
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Non-equilibrium initial states

• Specify complete density matrix ρ ?   Ugh!

• Pick geometry on initial Cauchy surface ?     Ugh!

• Want “operational” description:

∴ Specify time-dependent external fields

➡ time-dependent dynamics

➡ external work done on system

?
t << 0

equilibrium
t ≈ 0
shake 

t > 0
evolve

simple initial state excitation

ext. field

time

non-equilibrium response



Anisotropy dynamics

• Metric gµμν	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	  = external field coupling to stress-energy Tµμν

∴ time-dependent geometry ➡ non-equilibrium〈Tµμν〉

• “Simple” case:  perfect spatial homogeneity, arbitrary anisotropy

Ex:

➡

ds2 = −dt2 + ef(t)(dx2 + dy2) + e−2f(t) dz2

〈Tµν(t,x)〉 =





ε(t)
p⊥(t)

p⊥(t)
p‖(t)







Gravitational description

• Solve 5-d Einstein equations with time-dependent 
boundary condition GAB → gµμν	 	 	  and simple initial 
condition (AdS or AdS-BH)

• Extract〈Tµμν〉from sub-leading near-boundary 
asymptotics

• Note:

• time-dependent boundary conditions produce 
dynamic event horizon

• “Teleological” event horizon growth occurs outside 
causal future of boundary time dependence

➡ event horizon area (pulled back to boundary) cannot 
represent entropy in non-equilibrium setting

AdS

boundaryevent horizon

time

?

apparent horizon



Practical issues (I)

• Coordinate choice:

✘ Bad: Fefferman-Graham or similar (r, t, x)

✓ Good: Incoming Eddington-Finklestein

• v = const. on incoming (radial) null geodesics

• dv/dr = ½A  on outgoing (radial) null geodesics

• g ′ ≡ ∂r g = directional derivative along incoming null geodesics,

• ġ  ≡ ∂v g + ½A ∂r g  = directional derivative along outgoing null geodesics

• Boundary conditions as r →∞:   A → r2,    Σ → r,    B → f(v)

ds2 = −A(v, r) dv2 + 2 dv dr + Σ(v, r)2
[
eB(v,r)(dx2 + dy2) + e−2B(v,r)dz2

]



Einstein equations

•   

• Non-trivial components: vv, rr, vr, zz, xx+yy 

➡   5 equations, 3 unknown functions (A,B,Σ)

• Need to separate dynamics from constraints

➡  

• N.B.:  A = non-dynamical auxillary field

0 = Σ (Σ̇)′ + 2 Σ′ Σ̇− 2 Σ2

0 = Σ (Ḃ)′ + 3
2

(
Σ′ Ḃ −B′ Σ̇

)

0 = A′′ + 3 B′ Ḃ − 12 Σ′ Σ̇/Σ2 + 4

0 = Σ̈ + 1
2 (Ḃ)2 Σ− 1

2 A′ Σ̇

0 = Σ′′ + 1
2 (B′)2 Σ

boundary value constraint

initial value constraint

RMN − 1
2 GMN (R + 2Λ) = 0



Practical issues (II)
• Need to solve for “velocities,”  ∂v B, ∂v Σ, and auxillary field A

• Discretize r → system of coupled ODEs

• Must treat near-boundary behavior accurately
➡ match discretized numerics to large r asymptotics

Σ̇(r, v) = − 2
Σ(r, v)2

∫

r
dw Σ(w, v)3

Ḃ(r, v) = − 3
Σ(r, v)3/2

∫

r
dw

B′(w, v)
Σ(w, v)3/2

∫

w
dw̄ Σ(w̄, v)3 2

acts as an absorber of gravitational radiation — any ra-
diation which passes through the horizon cannot escape
back to the boundary. At late times when the bound-
ary geometry is no longer changing, the bulk geometry
outside the horizon will relax and asymptotically become
static. This is the gravitational description of thermal-
ization in SYM.

Diffeomorphism and translation invariance allows one
to chose the metric ansatz

ds2 =−A dv2 + Σ2
[
eBdx2

⊥ + e−2Bdx2
||
]
+ 2dr dv , (3)

where A, B, and Σ are all functions of the radial co-
ordinate r and time v only. The coordinates v and r
are generalized Eddington-Finkelstein coordinates. In-
falling radial null geodesics have constant values of v (as
well as x⊥ and x||). Outgoing radial null geodesics sat-
isfy dr/dv = 1

2A. At the boundary, located at r = ∞,
the coordinate v coincides with the boundary time t.
The geometry in the bulk at v > 0 corresponds to the
causal future of t > 0 on the boundary. The form of the
metric (3) is invariant under the residual diffeomorphism
r → r + f(v), where f(v) is an arbitrary function.

With a metric of the form (3), Einstein’s equations may
be reduced to the following set of differential equations:

0 = Σ Σ̇′ + 2Σ′ Σ̇ + 2Σ2 , (4a)
0 = Σ Ḃ′ + 3

2

(
Σ′Ḃ −B′ Σ̇

)
, (4b)

0 = A′′ + 3B′Ḃ − 12Σ′ Σ̇/Σ2 + 4 , (4c)
0 = Σ̈ + 1

2

(
Ḃ2 Σ−A′ Σ̇

)
, (4d)

0 = Σ′′ + 1
2B′2 Σ , (4e)

where, for any function h(r, v),

h′ ≡ ∂rh, ḣ ≡ ∂vh + 1
2A ∂rh . (5)

The derivative h′ is a directional derivative of h along
infalling radial null geodesics, while the derivative ḣ is
the directional derivative of h along outgoing null radial
geodesics. Eqs. (4d) and (4e) are constraint equations;
the radial derivative of Eq. (4d) and the time derivative
of Eq. (4e) are implied by Eqs. (4a)–(4c).

The above set of differential equations must be solved
subject to boundary conditions imposed at r = ∞. The
requisite condition is simply that the boundary metric
gB

µν(x) coincide with our choice (1) of the 4d geometry.
In particular, we must have

lim
r→∞

Σ(r, v)/r ≡ 1 , lim
r→∞

B(r, v) ≡ B0(v) . (6)

One may fix the residual diffeomorphism invariance by
demanding that

lim
r→∞

[
A(r, v)− r2

]
/r = 0 . (7)

These boundary conditions, plus initial data satisfying
the constraint (4e) on some v = const. slice, uniquely
specify the subsequent evolution of the geometry.

Given a solution to Einstein’s equations, the SYM
stress tensor is determined by the near-boundary be-
havior of the 5d metric [5] . If SG denotes the gravi-
tational action, then the SYM stress tensor is given by
Tµν(x) = (2/

√
−gB(x)) δSG/δgB

µν(x) .
Near the boundary one may solve Einstein’s equations

with a power series expansion in r. Specifically, A, B and
Σ have asymptotic expansions of the form

A(r, v) =
∑

n=0

[ an(v) + αn(v) log r] r2−n , (8a)

B(r, v) =
∑

n=0

[ bn(v) + βn(v) log r] r−n , (8b)

Σ(r, v) =
∑

n=0

[ sn(v) + σn(v) log r] r1−n . (8c)

The boundary conditions (6) and (7) imply that b0(v) ≡
B0(v), s0(v) ≡ 1, a0(v) ≡ 1, and a1(v) ≡ 0. Substitut-
ing the above expansions into Einstein’s equations and
solving the resulting equations order by order in r, one
finds that there is one undetermined coefficient, b4(v).
All other coefficients are determined by the boundary
geometry, Einstein’s equations, and b4(v) [11].

By substituting the above series expansions into the
variation of the on-shell gravitational action, one may
compute the expectation value of the stress tensor in
terms of the expansion coefficients. This procedure has
been carried out in Ref. [5], so we simply quote the re-
sults. In terms of the expansion coefficients, the SYM
stress tensor reads

Tµ
ν = (N2

c /2π2) diag(−E ,P⊥,P⊥,P||) , (9)

where (with b(k)
0 ≡ ∂k

v b0):

−E = 3
4a4 + 1

256

[
3(b(1)

0 )4 + 14(b(2)
0 )2 − 4b(1)

0 b(3)
0

]
, (10a)

P⊥ = − 1
4a4 + b4 + 1

768

[
21(b(1)

0 )4 − 468(b(1)
0 )2b(2)

0

+ 10(b(2)
0 )2 + 4b(1)

0 b(3)
0 + 64b(4)

0

]
, (10b)

P|| = − 1
4a4 − 2b4 + 1

768

[
21(b(1)

0 )4 + 936(b(1)
0 )2b(2)

0

+ 10(b(2)
0 )2 + 4b(1)

0 b(3)
0 − 128b(4)

0

]
. (10c)

Numerics.—One may solve the Einstein equations
(4a)–(4c) for the time derivatives Σ̇, Ḃ, and A′′. Define

Θ(r, v) ≡
∫ ∞

r
dw

[
Σ(w, v)3 − h1(w, v)

]
−H1(r, v) ,

(11a)

Φ(r, v) ≡
∫ ∞

r
dw

[
2Θ(w, v)B′(w, v) Σ(w, v)−3/2

− h2(w, v)
]
−H2(r, v) , (11b)

where Hn is an indefinite (radial) integral of hn,

hn = H ′
n . (12)

●

r∗ ∞

●
●●●●●●

●



Practical issues (III)

• Must remove residual reparameterize freedom: r → r + α(v)

✘ Bad: fix coordinate location of event horizon

✓ Good: fix a1 = 0

• Must excise region surrounding singularity: r < rmin(v) < r horizon(v)

• Must choose specific boundary time dependence
• Ex:  f (v) = ½ c [ 1 - tanh (t/τ) ]

f (v)

v



Results (I)
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Results (II)
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Results (III)

4

FIG. 2: The congruence of outgoing radial null geodesics.
The surface coloring displays A/r2. The excised region is
beyond the apparent horizon, which is shown by the dashed
green line. The geodesic shown as a solid black line is the
event horizon; it separates geodesics which escape to the
boundary from those which cannot escape.
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FIG. 3: Area elements of the true event horizon and the
apparent horizon as a function of time.

|c| 1 1.5 2 2.5 3 3.5 4

τ T 0.23 0.31 0.41 0.52 0.65 0.79 0.94

τiso T 0.67 0.68 0.71 0.92 1.2 1.5 1.8

τiso/τ 3.0 2.2 1.7 1.8 1.8 1.9 1.9

TABLE I: Final equilibrium temperature T and isotropization
time τiso (in units of T−1 or τ), for various values of c. The
isotropization time τiso is the time at which the pressures
deviate from their equilibrium values by less than 10%.

neither — this geodesic, shown as the black line in Fig. 2,
defines the true event horizon of the geometry.

Fig. 3 plots the area of the apparent and true event
horizons, again for c = 2. Nearly all growth of the ap-
parent horizon area occurs in the interval −2 < v < 0,
during which the boundary geometry is changing rapidly.
In contrast, the area of the true horizon grows in the dis-
tant past long before the boundary geometry is signifi-
cantly perturbed. This is a reflection of the global nature
of event horizons — the location of the event horizon de-

pends on the entire history of the geometry. It has been
argued [8] that it is the area element of the apparent
horizon, pulled back to the boundary along v = const.
infalling null geodesics, which should be identified with
the entropy density (times 4GN ) in the dual field theory.

Table I shows, for various values of c, the final equilib-
rium temperature T and a measure of the isotropization
time τiso. (These quantities only depend on |c|.) We
define τiso as the time when the transverse and longi-
tudinal pressures equal their final values to within 10%.
When |c| ! 2, we find that τiso ≈ 2τ , while for |c| " 2,
τiso ≈ 0.7/T . Since τiso is only a few times longer than
the time scale τ over which the boundary geometry (1) is
changing, this measure of isotropization time should best
be viewed as an upper bound on isotropization times as-
sociated with plasma dynamics alone. Nevertheless, it
is interesting to note that τiso ≈ 0.7/T corresponds to a
time of 1

2 fm/c when T = 350MeV, similar to estimates of
thermalization times inferred from hydrodynamic mod-
eling of RHIC collisions [3].

This work has explored, using gauge/gravity dual-
ity, far-from-equilibrium dynamics of anisotropic strongly
coupled SYM plasma. There are many interesting gener-
alizations, including boost invariant flows, which should
be feasible to study using similar methods. This work
was supported in part by the U.S. Department of Energy
under Grant No. DE-FG02-96ER40956. L.Y. thanks the
Galileo Galilei Institute for Theoretical Physics, and the
Tata Institute for Fundamental Research, for their hospi-
tality, and the INFN for partial support while this work
was in progress. We are grateful to Jim Bardeen, Michal
Heller, Rob Myers, Paul Romatschke and Dam Son for
useful discussions.
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Boost invariant expansion
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boundary geometry:

f(τ) = 1
2c [1− tanh(τ−τ0)]

ds2 = −dτ2 + τ2e−2f(τ) dη2 + ef(τ) dx2
⊥



Open questions

• Sensitivity to choice of boundary time dependence?
• wider range of amplitudes

• periodic forcing

• Precise connection between entropy & apparent horizon area?
• ambiguities in definition of non-equilibrium entropy

• foliation dependence of apparent horizon area

• Feasibility of evolving anisotropic & inhomogeneous geometries?
• finite expanding fluids

• turbulent driven systems

• Relevance for heavy ion collisions?


